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Summary. We review the kinetic models of asset exchange and report the latest
microeconomic formulations. We also discuss the role of topology and disorder in
such models. The role of such models from a trading network perspective are also
discussed.

1 Introduction

The distribution of wealth among individuals in an economy has been an
important area of research in economics, for more than a hundred years [8,19,
41, 50, 67]. The same is true for income distribution in any society. Detailed
analysis of the income distribution [8, 19] so far indicate

P (m) ∼
{
mα exp(−m/T ) for m < mc,
m−(1+ν) for m ≥ mc,

(1)

where P denotes the number density of people with income or wealth m and
α, ν denote exponents and T denotes a scaling factor. The power law in
income and wealth distribution (for m ≥ mc) is named after Pareto and the
exponent ν is called the Pareto exponent. A historical account of Pareto’s
data and that from recent sources can be found in [55]. The crossover point
(mc) is extracted from the crossover from a Gamma distribution form to
the power law tail. One often fits the region below mc to a log-normal form
logP (m) ∝ −(logm)2. Although this form is often preferred by economists,
we think that the other Gamma distribution form (1) fits better with the
data, because of the remarkable fit with the Gibbs distribution in [27,58,65].

Considerable investigations revealed that the tail of the income distribu-
tion indeed follows the above mentioned behavior and the value of the Pareto
exponent ν is generally seen to vary between 1 and 3 [4, 20, 23, 24, 28, 40, 60].

G. Naldi et al. (eds.), Mathematical Modeling of Collective Behavior 31

in Socio-Economic and Life Sciences, DOI 10.1007/978-0-8176-4946-3 2,
c© Springer Science+Business Media, LLC 2010



32 Arnab Chattejee

It is also known that typically less than 10% of the population in any country
possesses about 40% of the total wealth of that country and they follow the
above law, while the rest of the low-income population, follow a different
distribution which is debated to be either Gibbs [4, 10, 26, 28, 36, 40] or log-
normal [20,23].

The striking regularities observed in the income distribution for different
countries, have led to several new attempts at explaining them on theoretical
grounds. Much of it is from physicists’ modeling of economic behavior in anal-
ogy with large systems of interacting particles, as treated, e.g., in the kinetic
theory of gases. According to physicists, the regular patterns observed in the
income (and wealth) distribution may be indicative of a natural law for the
statistical properties of a many-body dynamical system representing the entire
set of economic interactions in a society, analogous to those previously derived
for gases and liquids. By viewing the economy as a thermodynamic system,
one can identify the income distribution with the distribution of energy among
the particles in a gas. In particular, a class of kinetic exchange models have
provided a simple mechanism for understanding the unequal accumulation of
assets. Many of these models, while simple from the perspective of economics,
has the benefit of coming to grips with the key factor in socioeconomic inter-
actions that results in very different societies converging to similar forms of
unequal distribution of resources (see [8, 19], which consists of a collection of
large number of technical papers in this field).

In recent years, apart from the analysis of these models, there has been
efforts in understanding the revance of such models in the economics context.
More precisely, some of these models are shown to emerge out of natural
consequences in a trading economy. We discuss in detail such an approach in
a following section (Sect. 3). Another approach to understand these models
better is to test the consequences of putting them on an underlying disordered
trade network where exchanges are not mean-field in nature compared to the
basic proposed models (Sec. 4). Finally, we discuss the development of a trade
network in a generalised preferential trading model (Sec. 5).

2 Gas-like models

The study of pairwise money transfer and the resulting statistical distribution
of money has almost no counterpart in modern economics. Econophysicists
initiated a new direction here. The search theory of money [39] is somewhat
related, but this work was largely influenced by [5] studying the dynamics
of money. A probability distribution of money among the agents was only
recently obtained numerically within the search-theoretical approach [49].

In analogy to two-particle collision process which results in a change in
their individual kinetic energy or momenta, income exchange models may be
defined using two-agent interactions: two randomly selected agents exchange
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money by some predefined mechanism. Assuming the exchange process does
not depend on previous exchanges, the dynamics follows a Markovian process:

(
mi(t+ 1)
mj(t+ 1)

)
= M

(
mi(t)
mj(t)

)
, (2)

where mi(t) is the income of (individual or corporate) agent i at time t and
the collision matrix M defines the exchange mechanism.

In this class of models, one considers a closed economic system where the
total money M and number of agents N are fixed. This corresponds to no
production or migration in the system where the only economic activity is
confined to trading. In any trading, a pair of traders i and j exchange their
money [10, 11, 26, 36], such that their total money is locally conserved and
nobody ends up with negative money (mi(t) ≥ 0, i.e., debt not allowed):

mi(t+ 1) = mi(t) +Δm; mj(t+ 1) = mj(t) −Δm. (3)

Time (t) changes by one unit after each trading. Such conservative models are
also studied in the economic literature [39,49]. The main reason for disregard-
ing the presence of common commodities is that most of them are tangible
assets or consumables and they disappear quickly, while money stays in the
system. However, models that relax conservation laws can also produce a va-
riety of interesting features [61].

The simplest model considers a random fraction of total money to be
shared [26]. At steady-state (t → ∞) money follows a Gibbs distribution:
P (m) = (1/T ) exp(−m/T ); T = M/N , independent of the initial distribution.
This follows from the conservation of money and additivity of entropy:

P (m1)P (m2) = P (m1 +m2). (4)

This result is quite robust and is independent of the topology of the (undi-
rected) exchange space, be it regular lattice, fractal, or small-world [9].
The Boltzmann distribution was independently applied to social sciences
by Mimkes [46, 47] using Lagrange principle of maximization with certain
constraints. The exponential distribution of money was also found by the
economist Shubik [57] using a Markov chain approach to strategic market
games.

If one allows for debt in such simple models, things look very different.
From the point of view of individuals, debt can be viewed as negative money.
As an agent borrows money from a bank, its cash balance M increases, but at
the expense of cash obligation or debt D which is a negative money. Thus, the
total money of the agentMb = M−D remains the same. Thus, if the boundary
condition mi ≥ 0 is relaxed, P (m) never stabilises and keeps spreading in a
Gaussian manner towardm = +∞ andm = −∞. As total money is conserved,
and some agents become richer in expense of others going to debt, so that
M = Mb +D.
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Xi et al. [66] imposed a constraint on the total debt of all agents in the
system. Banks set aside a fraction R of the money deposited into bank ac-
counts, whereas the remaining 1 − R can be loaned further. If the initial
amount of money in the system is Mb, then, with repeated loans and borrow-
ing, the total amount of positive money available to the agents increases to
M = Mb/R, 1/R is called the money-multiplier, and this extra money comes
from the increase of the total debt in the system. The maximal total debt is
D = Mb/R −Mb and is limited by the factor R. for maximal debt, the total
amounts of positive (Mb/R) and negative (Mb(1 − R)/R) money circulate
among the agents in the system. The distributions of positive and negative
money are exponential with two different money temperatures T+ = Mb/RN
and T− = Mb(1−R)/RN , as confirmed by computer simulations [66]. Similar
results were also observed elsewhere [32].
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Fig. 1. Left: Steady state money distribution P (m) for the model with uniform
savings. The data shown are for different values of λ: 0, 0.1, 0.6, 0.9 for a system size
N = 100. All data sets shown are for average money per agent M/N = 1. Right:
Steady state money distribution P (m) for the distributed λ model with 0 ≤ λ < 1
for a system of N = 1, 000 agents. The x−2 is a guide to the observed power-law,
with 1 + ν = 2. Here, the average money per agent M/N = 1

2.1 Models with savings

Savings [56] is an essential ingredient in a trading market. A saving propensity
factor λ was introduced in the random exchange model [11], where each trader
at time t saves a fraction λ of its money mi(t) and trades randomly with the
rest:

mi(t+ 1) = λmi(t) + εij [(1 − λ)(mi(t) +mj(t))] , (5)

mj(t+ 1) = λmj(t) + (1 − εij) [(1 − λ)(mi(t) +mj(t))] , (6)

εij being a random fraction, coming from the stochastic nature of the trading.
Of course, in this model, no debt is allowed and hence individual money is
non-negative.
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In this model (CC model hereafter), the steady state distribution P (m)
of money is decaying on both sides with the most-probable money per agent
shifting away from m = 0 (for λ = 0) to M/N as λ → 1 [11]. This model has
been understood to a certain extent [52,54] and argued to resemble a Gamma
distribution [52]. But, the actual form of the distribution for this model still
remains to be found out. It seems that a very similar model was proposed by
Angle [2,3] several years back in sociology journals. The numerical simulation
results of Angle’s model fit well to Gamma distributions. Different attempts
using transport equation [22] and also a matrix formulation [37] have provided
some insight into the nature of the models.
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Fig. 2. Left: Steady state money distribution P (m) in the model for N = 200
agents with λ distributed as ρ(λ) ∼ λδ with different values of δ. A guide to the
power law with exponent 1+ν = 2 is also provided. For all cases, the average money
per agent M/N = 1. Right: Steady state money distribution P (m) in the model for
N = 200 agents with λ distributed as ρ(λ) ∼ |1 − λ|δ with different values of δ.
The distributions P (m) have power law tails P (m) ∼ m−(1+ν), where the power law
exponents 1 + ν approximately equal to 2 + δ indicated by the dotted straight lines.
For all cases, the average money per agent M/N = 1

Empirical observations in homogeneous groups of individuals as in waged
income of factory laborers in UK and USA [65] and data from population
survey in USA among students of different school and colleges produce similar
distributions [3]. This is a simple case where a homogeneous population (say,
characterized by a unique value of λ) has been identified.

In a real society or economy, saving λ is a very inhomogeneous parame-
ter. The evolution of money in a corresponding trading model (CCM model
hereafter) can be written as [16]:

mi(t+ 1) = λimi(t) + εij [(1 − λi)mi(t) + (1 − λj)mj(t)] , (7)
mj(t+ 1) = λjmj(t) + (1 − εij) [(1 − λi)mi(t) + (1 − λj)mj(t)] . (8)

The trading rules are same as CC model, except that λi and λj , the saving
propensities of agents i and j, are different. The agents have fixed (over time)
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saving propensities, distributed independently, randomly as Λ(λ), such that
Λ(λ) is nonvanishing as λ → 1, λi value is quenched for each agent (λi are
independent of trading or t). The actual asset distribution P (m) in such a
model will depend on the form of Λ(λ), but for all of them the asymptotic
form of the distribution will become Pareto-like: P (m) ∼ m−(1+ν); ν = 1 for
m → ∞. This is valid for all such distributions, unless Λ(λ) ∝ (1− λ)δ, when
P (m) ∼ m−(2+δ) [9, 14, 16, 18, 48]. In the CCM model, agents with higher
saving propensity tend to hold higher average wealth, which is justified by
the fact that the saving propensity in the rich population is always high [31].
Analytical understanding of CCM model has been possible until now under
certain approximations [17], and mean-field theory [48]. Unlike the earlier
models with savings as a quenched disorder, one can also consider savings as
an annealed variable and still derive a power law distribution in wealth [15].

2.2 Average money at any saving propensity and the distribution

Several numerical studies investigated [51,53] the saving factor λ and the av-
erage money held by an agent whose savings factor is λ. This numerical study
revealed that the product of this average money and the unsaved fraction
remains constant, or in other words, the quantity

〈m(λ)〉(1 − λ) = c, (9)

where c is a constant. This key result has been justified using a rigorous
analysis by Mohanty [38, 48]. We give later a simpler argument and proceed
to derive the steady state distribution P (m) in its general form.

In a mean field approach, one can calculate [48] the distribution for the en-
semble average of money for the model with distributed savings. It is assumed
that the distribution of money of a single agent over time is stationary, which
means that the time averaged value of money of any agent remains unchanged
independent of the initial value of money. Taking the ensemble average of all
terms on both sides of (7), one can write:

〈mi〉 = λi〈mi〉 + 〈ε〉

⎡
⎣(1 − λi)〈mi〉 +

〈
1
N

N∑
j=1

(1 − λj)mj

〉⎤
⎦ . (10)

It is assumed that any agent on the average, interacts with all others in the
system. The last term on the right is replaced by the average over the agents.
Writing

〈(1 − λ)m〉 ≡
〈

1
N

N∑
j=1

(1 − λj)mj

〉
(11)

and as ε is assumed to be distributed randomly and uniformly in [0, 1], so that
〈ε〉 = 1/2, (10) reduces to:

(1 − λi)〈mi〉 = 〈(1 − λ)m〉.
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As the right side is free of any agent index, it suggests that this relation is
true for any arbitrary agent, i.e., 〈mi〉(1 − λi) = constant, where λi is the
saving factor of the ith agent (as in (9)) and what follows is:

dλ ∝ dm
m2

. (12)

An agent with a particular saving propensity factor λ, therefore, ends up with
a characteristic average wealth m given by (9) such that one can in general
relate the distributions of the two:

P (m) dm = ρ(λ) dλ. (13)

This, together with (9) and (10) gives [48]:

P (m) = ρ(λ)
dλ
dm

∝
ρ(1 − c

m )
m2

, (14)

giving P (m) ∼ m−2 for large m for uniform distribution of savings factor λ,
i.e., ν = 1; and ν = 1 + δ for ρ(λ) = (1 − λ)δ. This study, therefore, explains
the origin of the universal (ν = 1) as well as the nonuniversal (ν = 1 + δ)
Pareto exponent values in the distributed savings model, and shown in Fig. 2.

2.3 Rigorous treatments of the problems

In recent years, several papers discuss these models at length and provide
rigorous analysis of the models and related ones [21, 29, 30, 44, 45] using a
variety of approaches like Fokker–Planck equations and generalised Boltzmann
transport equations. Several issues regarding the structure and dynamics of
such models are known by now.

3 A microeconomic formulation

Recently, Chakrabarti and Chakrabarti [7] have put forward a microeconomic
formulation of the above models, using the utility function as a guide to the
behavior of agents in the economy.

They consider an N -agent exchange economy, where each produces a single
perishable commodity. Each of these goods is different from all other goods
and money exists in this economy to facilitate transactions. These agents care
for their future consumptions and hence they care about their savings in the
current period as well. Each of these agents are endowed with an initial amount
of money (the only type of nonperishable asset considered) which is assumed
to be unity for every agent for simplicity. At each time step, two agents meet
randomly to carry out transactions according to their utility maximization
principle. It is also assumed that the agents have time dependent preference
structure, i.e., the parameters of the utility function can vary over time [59].
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It is assumed that agent 1 produces Q1 amount of commodity 1 only and
agent 2 produces Q2 amount of commodity 2 only and the amounts of money
they possess at time t are m1(t) and m2(t), respectively. Both of them will be
willing to trade and buy the other’s goods by selling a fraction of their own
productions and also with the money that they have. In general, at each time
step there would be a net transfer of money from one agent to the other.

The utility functions are defined as follows: For agent 1, U1(x1, x2,m1) =
xα1

1 xα2
2 mαm

1 and for agent 2, U2(y1, y2,m2) = yα1
1 yα2

2 mαm
2 where the argu-

ments in both of the utility functions are consumption of the first (i.e., x1

and y1) and second good (i.e., x2 and y2) and the amount of money they
possess, respectively. For simplicity, they assume that the utility functions are
of the Cobb–Douglas form with the sum of the powers normalized to 1, i.e.,
α1 + α2 + αm = 1 [43]. Let p1 and p2 be the commodity prices to be deter-
mined in the market. The budget constraints are defined as follows: For agent
1 the budget constraint is p1x1 + p2x2 +m1 ≤ M1 + p1Q1 and similarly, for
agent 2 the constraint is p1y1 + p2y2 +m2 ≤ M2 + p2Q2. This means that the
amount that agent 1 can spend for consuming x1 and x2 added to the amount
of money that he holds after trading at time (t+ 1) (i.e., m1) cannot exceed
the amount of money that he has at time t (i.e., M1) added to what he earns
by selling the good he produces (i.e., Q1), and the same is true for agent 2.

Subject to their respective budget constraints, the agents try to maximize
their respective utilities and the price mechanism (invisible hand) works to
clear the market for both goods (i.e., total demand equals total supply for
both goods at the equilibrium prices), i.e., agent 1’s problem is to maximize
his utility U1(x1, x2,m1) subject to p1 × x1 + p2 × x2 +m1 = M1 + p1 ×Q1,
and for agent 2, maximize U2(y1, y2,m2) subject to p1 × y1 + p2 × y2 +m2 =
M2 + p2 × Q2. Those two maximization exercises are solved by Lagrange
multipliers and applying the condition that the market remains in equilibrium,
the competitive price vector (p̂1, p̂2) as p̂i = (αi/αm)(M1+M2)/Qi for i = 1, 2
has been derived.

The outcomes of such a trading process are:

(a) At optimal prices (p̂1, p̂2), m1(t) + m2(t) = m1(t + 1) + m2(t + 1), i.e.,
demand matches supply in all market at the market-determined price
in equilibrium. Because money is also treated as a commodity in this
framework, its demand (i.e., the total amount of money held by the two
persons after trade) must equal what was supplied (i.e., the total amount
of money held by them before trade).

(b) Making a restrictive assumption that α1 in the utility function can vary
randomly over time with αm remaining constant, it readily follows that
α2 also varies randomly over time with the restriction that the sum of
α1 and α2 is a constant (1 − αm). Now, in the money demand equations
derived from the above, if αm is substituted by λ and α1/(α1 + α2) by ε,
the money evolution equations are:

m1(t+ 1) = λm1(t) + ε(1 − λ)[m1(t) +m2(t)]
m2(t+ 1) = λm2(t) + (1 − ε)(1 − λ)[m1(t) +m2(t)]. (15)
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For a fixed value of λ, if α1 (or α2) is a random variable with uniform
distribution over the domain [0, 1−λ] then ε is also uniformly distributed
over the domain [0, 1]. It may be noted that λ (i.e., αm in the utility
function) is the savings propensity used in the CC model [11].

(c) For the limiting value of αm in the utility function (i.e., αm → 0 which im-
plies λ → 0), the money transfer equation describing the random sharing
of money without savings is retrieved, as used in the model of Drăgulescu
and Yakovenko [26].

(d) These asset evolution equations under the microeconomic framework differ
from a previous known work [59], where the asset evolution equation for
the ith agent depends on its own assets.

3.1 Random exchange

For random sharing of assets, the exchange equations look like:

mi(t+ 1) = ε(mi(t) +mj(t))
mi(t+ 1) = (1 − ε)(mi(t) +mj(t)), (16)

where ε ∈ [0, 1] and uniform (one can also consider ε ∈ [δ, 1 − δ], and results
still hold good). One can show 〈m〉 =1. Also, in the steady state Δmi =
Δ[ε(mi + mj)] = 〈x2〉 − 〈x〉2, where x = [ε(mi + mj)]. Note that 〈x〉 = 1.
Hence

Δm = 〈ε2〉〈m2
i +m2

j + 2mimj〉 − 1. (17)

Using the fact that mi and mj are uncorrelated and Δε = 〈ε2〉−1/4, one gets

Δm =
(
Δε+

1
4

)
(2Δm+ 4) − 1. (18)

Simplifying, one gets Δm = 4Δε
1
2−2Δε

.

3.2 Exchange with savings

In (5), one can show 〈m〉 = 1. The authors also calculate the variance operator
as:

Δm = λ2(Δm+ 1) + 2(1 − λ)2
(
Δε+

1
4

)
(Δm+ 2) + λ(1 − λ)(Δm+ 2) − 1.

Because ε ∈ [0, 1] and uniform, Δε = 1/12. Thus, one gets:

Δm =
(1 − λ)2

(1 − λ)(1 + 2λ)
. (19)
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Hence, if λ �= 1, Δm = (1 − λ)/(1 + 2λ) as in [52]. Thus, Δm = 1 for λ = 0,
which is the case for an exponential distribution and for 0 ≤ λ < 1, the
distribution is approximated by:

p(m) =
mα−1e−βm

Γ (α)β−α

with α = (1 + 2λ)/(1 − λ) and β = α as is conjectured in [52]. For λ → 1,
by applying l’Hôpitals rule one gets Δm = 0, explaining why the steady state
distribution tends to a delta function as the rate of savings, i.e., λ → 1 as
widely observed in simulations [11,17,52].

3.3 Global market

Reference [7] also considers trading in a global market under the above mi-
croeconomic framework. Here the price mechanism does not work locally
(matching the bipartite supply and demand), but, globally, and the mar-
ket will also be cleared globally. Subject to budget constraint, each agent
maximises its utility and allocates income accordingly between present and fu-
ture consumptions, both the present and future consumptions are represented
by the amount of money spent on the present and future consumptions. What
the agents save for future consumption earns them interest income. Hence, the
market grows over time. On the production side, they can invest in produc-
tion and get their returns accordingly. Formally, there are N agents in the
economy each taking part in production and consumption.

A typical agent’s behavior at any step t is analyzed as follows:

(1) Each agent has to maximize utility subject to his budget constraint. For
simplicity, the utility function is assumed to be of Cobb–Douglas type.
Briefly, at time t the ith agent’s problem is to maximize u(f, c) = fλc(1−λ)

subject to f/(1 + r) + c = m(t), where f is the amount of money kept
for future consumption, c the amount of money to be used for current
consumption, m(t) the amount of money holding at time t, and r is the
interest rate prevailing in the market. This is a standard utility maximiza-
tion problem and solving it by Lagrange multiplier, one gets the optimal
allocation as c∗ = (1 − λ)m(t) and f∗ = (1 + r)λm(t).

(2) The ith agent invests (1−λi)mi(t) in the market and produces an output
vector yi(t) which he sells in the market at market-determined price vector
pt, being same for everybody. By a perfect competition assumption, it
follows that

(1 − λi)mi(t) = p(t)yi(t).

Roughly, the argument is: If l.h.s ≥r.h.s, then it is not optimal to produce
because cost is higher than revenue. Again, if r.h.s ≥ l.h.s, then there exists
a supernormal profit which attracts more agents to produce more. But that
leads to a fall in price and hence the economy comes to the equilibrium
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only when l.h.s = r.h.s. Summing up the above equation over all agents,
one gets

∑
i(1 − λi)mi(t) = p(t)

∑
i yi(t). One can rewrite this as:

M(t)V (t) = p(t)Y (t), (20)

where M(t) is the total money in the system and V (t) is equivalent to
the velocity of money at time t. It is evident that V (t) depends on the
parameter of the utility functions λi for all agents. It may be noted that the
derived equation is analogous to the Fisher equation of ‘quantity theory
of money’ [42]. For an alternative interpretation of the Fisher equation in
the context of CC type exchange models, see [63].

(3) In this closed economy, no money is neither created nor destroyed during
the exchange process. After all trading are done, each agent has whatever
they saved for future consumption and the interest income earned from
it added to some fraction αi(t) of the total amount of money invested in
production of current consumption. i.e.,

mi(t+ 1) = (1 + r)λimi(t) + αi(t)
∑

i

(1 − λi)mi(t)

or, from (20),

mi(t+ 1) = (1 + r)λimi(t) + αi(t)p(t)Y (t). (21)

It is assumed that r = 0 and αi(t)p(t)Y (t) = ε(t). One gets the following
reduced equation,

mi(t+ 1) = λimi(t) + ε(t). (22)

3.4 Steady state distribution of money and price

Each agent money follows the dynamics defined by (22), where ε(t) can be
assumed to be a white noise. It can be easily shown that this process produces
a Gamma function-like part with a power-law tail [6]. Equation (21) is its more
general version. This is an autoregressive process of order 1 with (1+r) λi < 1
assuming that the last term is a white noise. Taking expectation for the whole
expression

[1 − (1 + r)λi]〈mi〉 = 〈αi(t)〉〈p(t)〉〈Y (t)〉.
Denoting 〈αi(t)〉〈p(t)〉〈Y (t)〉 by a finite constant C, we rewrite the equation
in terms of average money holding

λ =
1

1 + r

(
1 − C

m

)

which immediately shows that dλ ∝ dm/m2. Because P (m)dm = ρ(λ)dλ
where P (m) is the distribution of money and ρ(λ) is the distribution of λ, it
follows
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P (m) = ρ

[
1

1 + r

(
1 − C

m

)]
1
m2

. (23)

Thus, if λ is distributed uniformly, the distribution of money has a power-law
feature with the exponent 2 (see also in [6, 14, 18]). Particularly, [6] provides
examples of the emergence of gamma function-like behavior in money distri-
bution for a variety of noise terms.

Writing (20) without subscripts

p =
V

Y/M
.

One observes that M is of the order of N , the number of agents, and Y is
their total production. If we assume that both V and Y/M are distributed
uniformly, one can show that the distribution of price is a power law:

f(p) ∼ p−2. (24)

So, in the earlier model, price may also have power-law fluctuations. How-
ever, there is no clear evidence supporting the existence of a power law in
commodity price fluctuation, although it has been verified in stock price fluc-
tuations [62].

4 Models on directed networks

The topology of exchange space in a real society is quite complicated. There
are strong notions of directionality and sometimes, hierarchy in the under-
lying network, where money is preferentially transferred in certain direction
that others, contributing in irreversible flow of money. A mean-field scenario
(Sec. 2) does not include the constraints on the flow of money or wealth. A
way to imitate this is to consider wealth exchange models on a directed net-
work [1, 25, 64]. There have been previous attempts to obtain the same using
the physics of networks [33–35].

We consider N agents, each sit on a separate node, connected to the rest
N − 1 by directed links. The directionality of the links denote the direc-
tion of flow of wealth in this fully connected network. The directed network
parametrized by p is constructed in the following way [13]:

(a) There are no self-links, so that the adjacency matrix A [1, 25] has
diagonal elements aii = 0 for all sites i.

(b) For each matrix element aij , i �= j, we call a random number r ∈ [0, 1].
aij = +1 if r < p and aij = −1 otherwise. Also aji = −aij . Thus, we have
N(N − 1)/2 such calls of r. aij = +1 denotes a directed link from i to j and
aij = −1 denotes a directed link from j to i.

The link disorder at site i is ρi = 1
N−1

∑
j aij ×

∑
j denotes the sum over

all N−1 sites j linked to i. Thus, ρi = 1 is a node which has all links outgoing
and ρi = −1 is a node for which all links are incoming. The parameter p has
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a symmetry about 0.5 and the distribution R(ρi) is also symmetric about 0,
which is, in fact, a consequence of the conservation of the number of incoming
and outgoing links. A network with p = 0.5 has the lowest degree of disorder,
given by a narrow distribution R(ρ) of ρ, around ρ = 0 (see Fig. 3). This
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Fig. 3. The distribution R(ρi) of the link disorder ρi for a directed network with
different values of p = 0.50, 0.30, 0.10, 0.05, 0.01 for a system of N = 100 nodes,
obtained by numerical simulation, averaged over 104 realizations

means that almost all nodes have more or less equal number of incoming and
outgoing links. On the other extreme, p = 0.01 is a network which has a
small but finite number of nodes where most links are incoming/outgoing,
thus giving rise to a very wide distribution of link disorder R(ρ).

The rules of exchange are: If aij = −1,

mi(t+ 1) = mi(t) + μjmj(t)
mj(t+ 1) = mj(t) − μjmj(t)

else, aij = +1,

mi(t+ 1) = mi(t) − μimi(t)
mj(t+ 1) = mj(t) + μimi(t).

0 < μi < 1 is the ‘transfer fraction’ associated with agent i, and mi(t) is the
money of agent i (or, money at node i) at time t. The total money in the system
is conserved, no money is created or destroyed, defined by (25) and (25). If
there is a link from j to i, the node i gains μj fraction of jth agent’s money.
Otherwise, if there is a link from i to j, the node j gains μi fraction of ith
agent’s money. In the Monte Carlo simulations, one assigns random amount of
money to agents to start with, such that the average money M/N = 1. A pair
of agents (nodes) are chosen at random, and depending on the directionality
of the link between them (the sign of aij), the relevant rule, is chosen. This
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is repeated until a steady state is reached and the money distribution does
not change in time. The distribution of money P (m) is obtained by averaging
over several ensembles (different random initial distribution of money).

This model is different from the CC and CCM models, but one can relate
the transfer fraction μ analogous to λ in the CC and CCM models.

4.1 Model with uniform μ

We first discuss the case of homogeneous agents, i.e., when all agents i have
μi = μ. The μ = 0 limit is trivial, as the system does not have any dynamics.
Figure 4a shows the steady state distribution P (m) of money m for μ = 0.1 for
different values of network disorder p. In general, the distribution of money
has a most probable value, which shifts monotonically from about 0.85 for
p = 0.5 to 0 as p → 0. P (m) has an exponential tail, but a power-law region
develops as p → 0 below the exponential cutoff, which fits approximately
to m−1.5. At p → 0, the condensation of wealth at the node(s) with strong
disorder (ρ → 1) is apparent from the single, isolated data point at themmax =
M end (see inset of Fig. 4a, for p = 0.01). There is a strong finite size effect
involved in this behavior. To emphasize this, we plot P (m) for p = 0.01 for
N = 100, 500, and 1, 000 (inset of Fig. 4a). While N = 100 and N = 500 does
show the isolated data point, it is absent for N = 1, 000. This also indicates
that this behavior is absent for infinite systems for p → 0. For larger values
of p, the distribution resembles Gamma distributions, as in the CC model. At
μ = 0.5, the most-probable value of P (m) is always at 0 (see Fig. 4b). For weak
disorder (p = 0.5), P (m) is exponential, but it shows a wider distribution as
one goes to higher disorder (p → 0). The condensation of wealth at node(s)
with high value of ρ (ρ → 1) is again apparent from the single, isolated data
point at the mmax = M end (see Fig. 4b, for p = 0.05). For μ = 0.9, P (m) is
always decaying, with a wide distribution upto mmax = M (see Fig. 4c). As
like previous plots, the condensation of wealth at node(s) with high value of ρ
is visible: see plot for p = 0.05 in Fig. 4c. A common feature for the curves for
all values of p is that, P (m) exhibits log-periodic oscillations, while resembling
roughly a power-law decay. Another important feature is that P (m) → N for
m → 0, which indicates that money is distributed in a very small fraction of
nodes, while most nodes have almost no money at a given instance.

For a particular value of the network disorder p, the wealth distribution
P (m) becomes more and more ‘fat tailed’ as μ is increased. This is in contrast
to what is observed in CC model [11] where P (m) organizes to a narrower
distribution as λ increases.

4.2 Model with distributed μ

We now consider the case when agents i have different values of μi, which do
not change in time. This is a case of heterogeneous agents where the hetero-
geneity can be viewed as a ‘quenched disorder.’ We consider a random uniform
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Fig. 4. The steady state distribution P (m) of money m for directed networks
characterized by different values of p. (a) For μ = 0.1, the inset shows P (m) for
p = 0.01 for N = 100, 500, 1, 000, and the power law m−1.5 is also indicated. (b)
For μ = 0.5 and (c) μ = 0.9. (d) shows the plots for uniform, random distributed
μ, D(μ) = 1, and also a guide to the power law m−2. The data are obtained by
numerical simulation, for a system of N = 100 nodes, averaged over 103 realizations
in the steady state and over 104 initial configurations. The average money M/N is 1

distribution of μ, i.e., D(μ) = 1 in 0 < μ < 1. This is the case analogous to the
CCM model [16]. Figure 4d shows the plots of the money distribution P (m)
for different values of network disorder p. All curves have a power-law tail [13],
resembling a m−2 variation. However, the effect of topology of the underlying
network are visible: For strong disorder in topology p = 0.05, condensation of
wealth at node(s) with high value of ρ (ρ → 1) is also apparent from the single,
isolated data point at the mmax = M end. Further investigations also indicate
that the power-law exponent is similarly related to the distribution of ‘transfer
fraction’ μ, as one observes in the CCM model [16, 48], i.e., P (m) ∼ m−2 for
most distributions, while one can obtain P (m) ∼ m−(2+δ) if D(μ) ∝ (1−μ)δ.

For a particular value of the network disorder p, the wealth distribution
P (m) becomes more and more ‘fat tailed’ as μ is increased. This is in contrast
to what is observed in CC model [11] where P (m) organizes to a narrower
distribution as λ increases.
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5 Preferential transactions and weighted trade network

Very recently, Chakraborty and Manna [12] proposed models for preferential
transactions. The main idea being the fact that rich traders invest much more
in trade and, hence, take part more frequently in the trading process. In the
model, a pair of traders i and j are selected for trading with probabilities
directly proportional to mi(t)α and mj(t)β , respectively. The trading rules
are same as (7) and (8). The α = β = 0 case corresponds to the CCM model,
the trading topology is a random graph (RG). But, when they are nonzero
positive, rich traders have higher probability of getting selected in a trading
process. However, in this case it takes a long time for all of the traders to take
part in the exchange process.

α

β

(0,0)
RG

8(   ,0)
STAR

DIMER

Pareto
Distribution

STAR

(0,   )8 (   ,   )8 8

Fig. 5. The phase diagram in the (α, β) plane. The origin corresponds to the CCM
model, while at corners (0,∞) and (∞, 0), the richest trader participates in every
transaction, hence the network is star-like. At the (∞,∞) corner only the richest
and the second richest traders trade, and the network essentially is a dimer

When α = β and finite, the resultant wealth distribution exhibits a power-
law tail with ν = 1.00 apart from slight variations. This shows that the wealth
distribution is robust with respect to the parameter values in the region, and
the nonzero values of α and β only controls the frequency at which different
traders take part in the trading process. When either of α or β is infinity
and the other is zero, the richest trader is always selected while all others are
selected with uniform probability. This corresponds to a star-like topology
in the trade graph. It is observed that Pareto law still holds good. Now,
when both (α, β) assume large values, the situation looks very different. In
its limiting case, (∞,∞), only the richest and the next richest trader take
part in the trading process, i.e., the trade graph is merely a dimer. Thus,
qualitatively, one can summarise the results in a schematic diagram (Fig. 5).
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5.1 The trade network

One can associate a network in this trading system: each trader being a node
and a link appears between a pair when they trade for the first time. No
further link is added between a pair even if they trade again. As more and
more traders take part in the trading process, the number of links grow in
the system. When α = β = 0 this growth is exactly same as a random graph,
but it looks much different for α > 0, β > 0, because rich nodes preferentially
enter into trading more often and get linked than the poor ones. The degree
ki of a node i is the number of distinct traders with whom it traded.

The dynamics is found to have two distinct time scales, T1 at which the
network is a single component connected graph, and T2 at which the graph
is a N -clique (each node is connected to all others). This paper studies the
growth of the giant component 〈sM (ρ,N)〉 which is the order parameter of
this percolation problem with respect to the link density ρ = n/[N(N −1)] in
the network. A finite size scaling collapses the order parameter for different
sizes: scaling ρ axis by a factor of Nθ. The critical density of percolation
transition ρc(N) is defined to be that value of ρ for which 〈sM (ρ,N)〉 = 1/2.
The paper reports that ρc(N) varies with N−θ. In general, the exponent θ(α)
depends on α: for α ≤ 1/2, θ(α) = 1 while for α > 1/2, α decreases. For
Erdős–Renyi random graphs, θ = 1, and hence it indicates that this trade
network is different from random graphs for α > 1/2.

5.2 Degree distribution

The degree distribution shows interesting observations. The paper studies the
average degree distribution P (k,N) as a function of k at different system
sizes N for different values of α, β. It is observed that almost the entire
degree distribution obeys the usual finite-size scaling analysis and confirms
the validity of the following scaling form:

P (k,N) ∝ N−ηk(α)G[k/Nζk(α)], (25)

where the scaling function G(y) has its usual forms G(y) ∼ y−γ(α) as y → 0
and G(y) approaches 0 very fast for y >> 1. This is satisfied only when
γk(α) = ζk(α)/ηk(α), and exponents ηk(α) and ζk(α) fully characterize the
scaling of P (k,N). γk(α) is observed to decrease with α.

5.3 The weighted network

Between an arbitrary pair of traders, a large number of bipartite trading takes
place within a certain time T . The sum of the amounts δij invested in all
trades between traders I and j within time T is defined as the total volume
of trade wij =

∑
T δij . Here wij is known as the weight of the link (i, j).

The probability distribution P (w,N) of the link weights is calculated when
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the average degree 〈k〉 reaches a specific preassigned value. When the trade
networks is a N -clique graph, i.e., when each trader has traded with all other
traders at least once, each node has same degree, i.e., P (k) = δ(k − (N − 1))
and 〈k〉 = N − 1. The distribution has a very long tail, and P (w,N) ∝ w−γw

with γw � 2.52.
The strength of a node si =

∑
j wij where j are all neighbors ki of i,

is a measure of the total volume of trade handled by the ith node. Nodal
strengths vary widely over different nodes. The strength distribution also fol-
lows a power-law decay P (s,N) ∼ s−γs for N → ∞. Similarly, as (25).

Often weighted networks have nonlinear strength-degree relations indicat-
ing the presence of nontrivial correlations, as in the airport networks and
the international trade network. For a network where the link weights are
randomly distributed, the 〈s(k)〉 grows linearly with k. However a nonlinear
growth like 〈s(k)〉 ∼ kφ with φ > 1, exhibits the presence of nontrivial correla-
tions. For this case, φ(α) increases with α. The paper also reports the variation
of the mean wealth of a trader with its degree, and gets: 〈x(k)〉 ∼ kμ(α), where
μ(α) decreases with α.

6 Discussions and outlook

In this extensive review, we address the behavior of wealth distribution fo-
cussing mostly on the toy models, which fall in the class of kinetic exchange
models. We review the essential structure of these ‘gas-like’ models and present
the current status of understanding from various viewpoints. A recent microe-
conomic formulation helps in understanding the relevance of such models in a
real economic context and shows their relevance and natural consideration [7].

We also discuss how the structure of these models change when the topol-
ogy of the interaction space gets modified, not everybody is able to perform
exchanges with others at the same rate [13]. In this context, one can also
introduce preferential transaction rules depending on the amount of money
each agent holds at a particular time. This serves as a generalised framework
under which one can expect a variety of trade structures, whose limiting cases
reproduce the basic CCM model. One can look at the structure and dynam-
ics of the underlying ‘trade network’ which shows interesting features which
are different from a Erdős–Renyi random graph. The degree distribution and
weighted network in this case also show nontrivial scaling behavior [12].
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